In this short note, we study the normal compact Kähler threefold (possibly singular) X admitting the action of an abelian group G of maximal rank, all the nontrivial elements of which are of positive entropy. If such X is further assumed to have at worst terminal singularities, then we prove that it is either a rationally connected projective threefold or bimeromorphic to a quasi-étale quotient of a complex 3-torus.
We shall prove that, if (X, G) satisfies Hyp A, then X can only be either a rationally connected projective threefold or bimeromorphic to a quasi-étale quotient of a complex 3-torus, i.e., there exists a finite surjective morphism π : T → X from a complex torus T , which isétale in codimension one (cf. Theorem 1.1). The key for the proof of Theorem 1.1 is to deal with the case when κ(X) = 0 (cf. Section 3). Our strategy is as follows.
First, we reduce X to its minimal model X min for the case when K X is pseudoeffective, and there exists a descended bimeromorphic transformation subgroup G| X min ⊆ Bim(X min ) on X min . Note that such G| X min may not be biholomorphic, since the Gequivariant minimal model program (EMMP in short) X X min is unknown. Further, rank(G| X min ) = rank(G) = 2.
Second, we study the Albanese closure X ′ min of X min and give a classification of X ′ min (cf. Proposition 2.3 and [10, Theorem 1.10]). Meanwhile, we lift G| X min to its Albanese closure X ′ min and get a subgroup G| X ′ min of the same rank consisting of bimeromorphic transformations on X ′ min . In this step, we also extend the early results in [20, Section 2] and [19, Section 3 and 4] to our present case for non-algebraic threefolds with mild singularities.
Finally, we lift G| X ′ min to its splitting cover E × F , where E is a torus and F is weak Calabi-Yau space (cf. next section). On the one hand, we utilize the property of minimal surfaces and tori to deduce that the whole lifted bimeromorphic transformation group of G is actually a subgroup of Aut(E ×F ) consisting of biholomorphic actions. On the other hand, we shall show that the lifted group acts faithfully up to a finite index. Precisely, there exists a finite index subgroup G 1 ⊆ G| E×F such that G 1 ∼ = Z 2 ⊆ Aut(E × F ) and (E × F, G 1 ) satisfies Hyp A. So we conclude our results according to the useful lemma (cf. [25, Lemma 2.10] ) about the G-equivariant fibration when G is of maximal rank.
The following are our main results. We refer the readers to [27, Theorem 1.1] for the normal projective version of arbitrary dimension. Theorem 1.1. Suppose that (X, G) satisfies Hyp A. Then the following hold:
(1) If K X is not pseudo-effective, then X is rationally connected. In particular, X is a projective threefold.
(2) If K X is pseudo-effective, then the Kodaira dimension κ(X) = 0 and X is bimeromorphic to T /F for a finite group F acting freely outside a finite set of a complex 3-torus T . Moreover, G descends to an automorphism subgroup G| X min ⊆ Aut(X min ) and further lifts to G T ⊆ Aut(T ) such that G| X min ∼ = G T /F . Proposition 1.2 is a special case of Theorem 1.1 (2) . With an extra condition on X,
we shall give a more precise description. Also, readers may refer to [27, Theorem 1.1] for other sufficient conditions for X to be a Q-torus when X is assumed to be projective. Proposition 1.2. Suppose that (X, G) satisfies Hyp A. Suppose further that the canonical divisor K X is numerically trivial. Then, X itself is a quasi-étale quotient of a complex torus T . Further, the action group G lifts to G T ⊆ Aut(T ) on T .
Remark 1.3 (Difficulties in this article and differences with early papers). Initially, we tried to run the G-equivariant minimal model program for X as in [27] , but we met lots of problems about the finiteness of (K X + ξ)-negative extremal rays. Here, ξ = ξ i is the sum of nef classes, each summand of which is a common eigenvector of G. Also, for an arbitrary nef and big class η on a compact Kähler manifold, little was known about the effectivity of Kodaira's Lemma for η and the base-point-free (BPF in short) theorem.
Here, we refer the readers to [21] and [15] for a weaker version of the BPF theorem in compact Kähler threefolds by running the MMP for Kähler threefolds.
Thanks to the particularity of terminal threefolds, we can analyze the quasi-étale covers of its minimal model X min (cf. Proposition 2.6). However, the main problem is to lift each bimeromorphic transformation of X min to its quasi-étale cover and utilize the property of minimal surfaces to show each element of the lifted bimeromorphic transformation subgroup is indeed an automorphism (cf. Lemma 3.1). This is doable by exploiting properties of Albanese closure and classifying the splitting covers according to the augmented irregularity q • (X min ) in our present case.
On the whole, we will not (and cannot) run the G-equivariant minimal model program for X as in the projective case (cf. [27] ). However, focusing on the descended bimeromorphic transformation subgroup G| X min ⊆ Bim(X min ) directly, we can prove Theorem 1.1 with the techniques discussed above.
Due to these difficulties mentioned in Remark 1.3, we pose the following question. We believe, to some extent, that it can be answered by a further research on the decomposition of big classes on Kähler spaces. if f is proper and has discrete fibres (resp. proper and finite outside a nowhere dense analytic closed subspace of Y ). We say that f is quasi-étale if f is finite andétale in codimension one. We denote by Bim(X) (resp. Aut(X)) the group of all bimeromorphic maps (resp. biholomorphic maps) of X onto itself. Also, Bim(X) (resp. Aut(X)) is called the bimeromorphic transformation (resp. analytic automorphism) group of X.
For the standard notation and terminology of birational geometry, especially for different kinds of singularities, see [18, Chapter 2] .
We shall apply the following theorem (cf. [17, Theorem 1]) in Section 3 and recall it here for the convenience of readers. Parallel to the normal projective case, we say that a normal compact Kähler space X is a weak Calabi-Yau space if X has at worst canonical singularities, K X ∼ Q 0 and q • (X) = 0. If X is further assumed to be a threefold with at worst terminal singularities, then due to the abundance (cf. [6, Theorem 1.1]), K X ∼ Q 0 is equivalent to κ(X) = 0 and K X is nef. Suppose that X is a weak Calabi-Yau space andX → X is an arbitrary projective resolution. Then we have q(X) = q(X) and Alb(X) = Alb(X), since X has at worst rational singularities (cf. [10, Theorem 3.3 and Remark 3.4]).
The following lemma helps us to exclude the simple case when we discuss the quasi-étale covers of X. We refer the readers to [10, Theorem 4.1] for its proof.
Lemma 2.2. Let X be a normal compact Kähler threefold with at worst canonical singularities. Suppose that the canonical divisor K X ≡ 0 and the argumented irregularity q • (X) = 0. Then X is projective. In particular, a weak Calabi-Yau threefold is projective.
In what follows, we classify the normal compact Kähler threefolds with at worst canonical singularities such that K X ∼ Q 0. One can further follow the idea of [20, Proposition 2.10] to generalize it to the case of klt singularities.
Proposition 2.3. Let X be a normal compact Kähler threefold with at worst canonical singularities such that K X ∼ Q 0. Then:
In particular, there is a quasi-étale Galois
(2) If q • (X) = 3, then X is a quasi-étale quotient of a complex torus.
(3) If q • (X) = 0, then X is projective.
where E is an elliptic curve and F has at worst canonical singularities such that q • (F ) = 0 and its minimal resolution is a K3 surface.
Proof. (1) . Note that for each quasi-étale cover X ′ → X, K X ′ ∼ Q 0 and X ′ also has at worst canonical (and hence rational) singularities by [ 
So q(X) ≤ q • (X) ≤ 3 and by the boundedness of q • (X), there exists a quasi-étale cover
Suppose that q • (X) = 2. Then, there exists a quasi-étale Galois cover X ′′ → X such that q • (X) = q(X ′′ ) = 2. According to [10, the proof of Theorem 1.10], the Albanese map α : X ′′ → Alb(X ′′ ) is bimeromorphic to a compact Kähler (smooth) threefold which is an elliptic bundle over Alb(X ′′ ) with connected fibre F such that κ(F ) = 0 and dim F = 1.
Therefore, after anétale base change
(2) follows from [10, Theorem 1.10] and (3) follows from Lemma 2.2. Now, we prove (4).
In this case, there exists a quasi-étale Galois cover X 1 → X such that q(X 1 ) = q • (X) = 1.
We claim that the fibre F of α : Definition 2.5 (Albanese closure). Let X be a normal compact Kähler threefold with at worst canonical singularities such that K X ∼ Q 0. We say that the finite morphism τ :X → X is the Albanese closure of X in codimension one if the following hold.
(1) τ is quasi-étale;
(2) q • (X) = q(X);
(3) τ is Galois; and
(4) For any other finite morphism τ ′ : X ′ → X satisfying the conditions (1) and (2), there exists a quasi-étale morphism σ :
We prove the next proposition in the spirit of [ 
Since H 1 is normal in G 1 ,X → X is Galois with the induced Galois group G 1 /H 1 . So far,X → X satisfies the conditions (1), (2) and (3). Now, let X ′ → X be an arbitrary quasi-étale cover such that q(X ′ ) = q • (X). Then, taking the Galois closure X 2 → X of X 1 × X X ′ with the induced Galois covers X 2 → X ′ and X 2 → X 1 . Let G 2 := Gal(X 2 /X) (resp. G ′ 2 := Gal(X 2 /X ′ )) be the Galois group of X 2 → X (resp. X 2 → X ′ ). Then, applying the same argument as above, let H 2 ⊆ G 2 be the kernel of G 2 → Aut(H 1 (X 2 , Z) ). Note that Alb(X 2 ) → Alb(X 1 ) is an isogeny by choosing the proper origin on Alb(X 1 ). Thus, H 2 is the pull-back of H 1 ⊆ G 1 under X 2 → X 1 and then X 2 /H 2 ∼ = X 1 /H 1 =X. Moreover, G ′ 2 acts on H 1 (Alb(X 2 ), Z) trivially by the choice of X ′ (so that q(X ′ ) = q • (X)). As a result, G ′ 2 ⊆ H 2 and we have a natural factorization X ′ →X → X.
In what follows, we recall the common eigenvectors of nef classes of automorphism groups. Actually, this part will not be used in the proof of our Theorem 1.1. However, we still formulate the extended Proposition 2.9 to compare with early results. Readers may refer to [26, the proof of Theorem 1.2] to see the information in algebraic case.
Suppose that (X, G) satisfies Hyp A. Let π :X → X be a G-equivariant resolution (cf. [24, Theorem 2.0.1]). Applying the proof of [8, Theorem 4.3 and 4.7] to the action of G on the pullback π * Nef(X) of the nef cone of X, we get nef classes π * ξ i (1 ≤ i ≤ 3) oñ X as common eigenvectors of G such that the cup product ξ 1 ∪ ξ 2 ∪ ξ 3 = 0, where ξ i are nef classes on X. Also, for each g ∈ G, we can write g * ξ i = χ i (g)ξ i with the characters χ i (g) > 0. By the projection formula, we have χ 1 χ 2 χ 3 = 1. Let (1) ξ := ξ 1 + ξ 2 + ξ 3 .
Then ξ 3 ≥ ξ 1 ∪ ξ 2 ∪ ξ 3 > 0 and hence ξ is a nef and big class on X.
We borrow the following results from [27, Lemma 3.7] and the proofs therein can be adapted into our present version. Readers may refer to [11, Section 5] for the information of Chern classes on singular spaces.
Lemma 2.7. Suppose that (X, G) satisfies Hyp A. For the ξ in Equation (1), the following hold.
(1) For every G-periodic (k, k)-class η with k = 1 or 2, ξ 3−k · η = 0; in particular,
(2) Suppose that Z ⊆ X is a G-periodic positive-dimensional proper subvariety of X.
Then ξ dim Z · Z = 0.
The lemma below is a direct consequence of [8, Théorèm 3.1 and Corollaire 3.4].
Lemma 2.8. Let X be a normal compact Kähler threefold, u i ∈ H 1,1 BC (X) (i = 1, 2) nef classes and η ∈ H 1,1 BC (X) such that u 1 ∪ u 2 ∪ η = 0. Then we have:
(2) Suppose further that u 1 = u 2 is Kähler and η is nef. Then u 1 ∪ η 2 = 0 holds if and only if η ≡ 0, i.e., η · Γ = 0 for each Γ ∈ N 1 (X) of bidimension (1, 1) on X.
Proof. The first statement is easy to see by pulling back u i and η to a smooth modelX of X. For the second statement, note that for every Kähler class u, there exists a suitable effective R-divisor E onX supported in the exceptional locus of π :X → X such that π * u − E is a Kähler class onX (cf. [3, Théorèm 3.1.24]). Then, we apply [8, Théorèm 3.1 and Corollaire 3.4] for π * u − E and π * η and use the nefness of η to conclude that π * η ≡ 0. Hence η ≡ 0 by [14, Proposition 3.14] .
The following proposition gives a sufficient condition for X to be a Q-torus (cf. [20, Definition 2.13] and the references therein) under the assumption of Hyp A. Proposition 2.9. Suppose that (X, G) satisfies Hyp A. Suppose further that X is minimal (i.e., K X is nef ) and the ξ in Equation (1) is a Kähler class on X. Then, X ∼ = T /F , where T is a complex torus and F is a finite group whose action on T is free outside a finite subset of T . Further, the action group G lifts to G T ⊆ Aut(T ) on T .
Proof. By Lemma 2.7, ξ 2 · c 1 (X) = ξ · c 1 (X) 2 = 0 and hence c 1 (X) ≡ 0, since ξ is a Kähler class (cf. Lemma 2.8). Besides, X has at worst terminal singularities, and then it follows from the abundance that K X ∼ Q 0 (cf. 
for any a ∈ H 2 (X ′ , R). Here, c 2 (X) is the usual second Chern class of the complex manifoldX. We aim to show that ξ ′ · c 2 (X ′ ) = 0, where ξ ′ := f * ξ is a Kähler class by [11, Lemma 3.7] ). Further, by [11, Lemma 5.6], c 2 (X ′ ) · ξ ′ i = 0 and then c 2 (X ′ ) · ξ ′ = 0. So applying [11, Corollary 1.2], we have X ∼ = T /F , where T is a complex torus and F is a finite group whose action on T is free outside a finite subset of T . Finally, according to [26, §2.14] , G lifts to G T ⊆ Aut(T ).
Remark 2.10. When X is projective, the nefness of K X can be removed due to [27, Lemma 3.2] . Also, if X is projective and does not contain any positive dimensional Gperiodic subvarieties, the nef and big class ξ can be chosen as an (integral) ample divisor (cf. [27, Lemma 3.9] ). In our present case, one can develop the similar results by fixing attention on the Zariski decomposition of pseudo-effective classes (cf. [4] ). Now we come back to the proof of Proposition 1.2. The technical part is to lift the action group G on X to its quasi-étale covers.
Lemma 2.11. Suppose that (X, G) satisfies Hyp A and the canonical divisor K X ≡ 0. Then X is a Q-torus, i.e., a quasi-étale quotient of a torus. From now on, we assume that q • (X) = q(X) and K X ∼ 0. If q(X) = 0, then by If dim F = 2, then T is an elliptic curve and thus projective. Also, G ⊆ Aut(X) descends to a well-defined automorphism group G T of T . Moreover, T 1 → T is an isogeny and then with T 1 replaced by a further isogeny T 2 → T 1 , we may assume θ : T 2 → T is a multiplication map. By [19, Lemma 4.9] , G T lifts to an automorphism group G T 2 of T 2 .
See the following commutative diagram:
Note that for each g ∈ G, we get an induced automorphism g| T ∈ G T and then g| T lifts to g ′ ∈ Aut(T 2 ) (not unique). Here, there are deg θ kinds of choices for the lifting of g T to Aut(T 2 ) (cf. the proof of [19, Lemma 4.9] ).
Since F × T 2 ∼ = X × T T 2 ⊆ X × T 2 with respect to α : X → T and θ : T 2 → T , we restrict g ×g ′ : X ×T 2 → X ×T 2 to F ×T 2 , for g ∈ G and g ′ ∈ G T 2 such that α •g = g T •α and g T • θ = θ • g ′ . Then, we get an automorphism subgroup of F × T 2 , denoted by G F ×T 2 (consisting of all liftings of G).
There is a natural surjective group homomorphism G F ×T 2 → G. By [26, Lemma 2.4 and §2.15], there exists a finite index subgroup G 0 ⊆ G F ×T 2 such that (F ×T 2 , G 0 ) satisfies Hyp A. Then we get a non-trivial G 0 -equivariant fibration F ×T 2 → Alb(F ×T 2 ) =: T 2 , a contradiction to [25, Lemma 2.10] . So X is a quasi-étale quotient of a complex torus.
Proof of Proposition 1.2: It follows immediately from Lemma 2.11 and the last part of Proposition 2.9.
3. The proof of Theorem 1.1
In this section, we prove our main theorem. The following lemma states the splitting property for a specific case of bimeromorphic transformations on product spaces. We refer the readers to [19, Section 4] for the version of higher dimensional projective varieties. 
. So Bim(F ) = Aut(F ) is discrete. As a result, χ is constant, i.e., the automorphism σ t is independent of the choice of t ∈ T , which completes our proof.
Remark 3.2. Note that, in general, even in projective contexts, the birational automorphism of a projective manifold with trivial canonical bundle may not be biregular (cf. [1, Section 6] ). In our case, the property of the splitting covers needs to be further utilized. Now, we begin to prove Theorem 1.1. The basic ideas are similar to the proof of Lemma 2.11 but the splitting property for each meromorphic endomorphism of F × E should be more complicated in our present case. Also, [25, Lemma 2.10] will be heavily used during the first part of the proof.
Proof of Theorem 1.1. To begin with our proof, we discuss the Kodaira dimension of X case-by-case. By [22, Corollary 14.3] , κ(X) < 3 (otherwise Bim(X) is a finite group, a contradiction). Suppose that 1 ≤ κ(X) < 3. Then, there exists an Iitaka fibration ϕ : X P n such that dim Im ϕ = κ(X (1). Since X has at worst terminal singularities and K X is not pseudo-effective, X is uniruled. Taking a G-equivariant resolutionX → X, we may assume that X is smooth.
Since X is uniruled, there exists an MRC-fibration X Z such that Z is non-uniruled and each g ∈ G descends to a bimeromorphic map on Z (cf. [12, Theorem 2.7 and Proposition 2.9]). Note that the graph (Γ, p X , p Z ) of X Z gives a morphism from Z to the cycle space C(X) of X, sending each point z ∈ Z to [p X (p −1 Z (z))]. Moreover, each g ∈ G on X gives an automorphism of C(X) by the push-forward operation g * . Hence, G descends to a subgroup of Aut(C(X)) and we get a G-equivariant proper meromorphic map X C(X).
Taking the normalization X ′ of the graph of X C(X), there is an induced automorphism group G ′ on X ′ , which is still of maximal rank. Let X ′ → Y → C(X) be the Stein factorization of X ′ → C(X). By rigidity lemma (cf. [2, Lemma 4.1.13]), there is an induced automorphism group G| Y on Y . Note that Y is not uniruled and dim Y = dim Z.
Otherwise, C(X) (and hence Z) will be uniruled, a contradiction to the choice of Z. Thus, we get a G-equivariant holomorphic fibration X ′ → Y . As a consequence of [25, Lemma 2.10], Y and hence Z are points, which implies that X is rationally connected.
(2). Since X has at worst terminal singularities and K X is pseudo-effective, by [ and [7] ). So by the discussion in the beginning of our proof, κ(X) = κ(X min ) = 0. Thus, K X min ∼ Q 0. We aim to construct a quasi-étale splitting cover: X min := F × T → X min such that F is a weak Calabi-Yau space (thus dim F = 0 or 2), T is a torus and G| X min lifts to a subgroup G X min ⊆ Aut( X min ). Step 1. We reduce to the Albanese closure of X min . Fixing an element g ∈ G| X min ⊆ Bim(X min ) and taking the Albanese closure τ : X ′ min → X min , we get a meromorphic map X ′ min → X min X min . After the Stein factorization (cf. [19, Definition 3.2]), we get:
where τ ′ is a finite morphism and g ′ is bimeromorphic. Since g is isomorphic in codimension one (cf. Theorem 2.1), by the property of Stein factorization and the quasi-étaleness of τ , g ′ is also isomorphic in codimension one and τ ′ is quasi-étale. Moreover,
By the universal property of Albanese closure, τ ′ factors through τ , i.e., there exists a surjective morphism σ : X 1 → X ′ min such that τ ′ = τ • σ. Since deg τ = deg τ ′ , σ is bimeromorphic and we see that g ∈ G| X min lifts to a bimeromorphic transformation on its Albanese closure. Note that G| X min lifts to G X ′ min such that its quotient is G| X min .
Step 2. From now on, we may assume that X min has at worst terminal singularities, q • (X min ) = q(X min ) = 1 and K X min ∼ Q 0. Let α : X min → Alb(X min ) =: E denote the Albanese map. By [10, Theorem 1.10], there exists anétale cover E 1 → E such that
By the choice of the Albanese closure, q • (F ) = 0 with dim F = 2. With F further replaced by its global index-one cover, we may assume that K F ∼ 0. Also, the subgroup G| X min ⊆ Bim(X min ) descends to G E ⊆ Aut(E) on E (cf. [22, Theorem 9.11] ). Since E 1 → E is an isogeny, with E 1 further replaced by another isogeny E 2 → E 1 , we may assume that θ : E 2 → E is a multiplication. Then, by [19, Lemma 4.9] , G E lifts to G E 2 such that G E 2 → G E is surjective. Moreover, after the base change E 2 → E 1 , X min × E E 2 ∼ = F × E 2 with respect to α and θ. Therefore, regarding F × E 2 as a subset of X min × E 2 , we get a natural lifting G F ×E 2 ⊆ Bim(F × E 2 ) by restricting g × g ′ of X min × E 2 to F × E 2 for each g ∈ G| X min and g ′ ∈ G E 2 such that g E • α = α • g and θ • g E = g ′ • θ. Here, g ∈ G| X min descends to g E on E and lifts to g ′ on G E 2 (such g ′ is not unique). By the proof in Lemma 2.11, there exists a finite index subgroup G 1 of G F ×E 2 such that G 1 is free of rank 2 (cf. [26, Lemma 2.4]).
Step 3. Taking a minimal resolutionF → F ,F is nothing but a minimal K3 surface. Then we get a natural liftingG 1 ⊆ Bim(F × E 2 ) of G 1 . By Lemma 3.1,
Hence, (F × E,G 1 ) satisfies Hyp A. As a result, there exists aG 1 -equivariant non-trivial fibrationF × E 2 → E 2 , contradicting [25, Lemma 2.10] . This implies that the case of q • (X) = 1 cannot happen. So q • (X min ) = 3 and X min is a Q-torus.
Step 4. So far, we have completed the proof of the first part of Theorem 1.1 (2) . Since X min is a Q-torus, its Albanese closure X ′ min satisfies the following properties: K X ′ min ∼ Q 0, q(X ′ min ) = 3, X ′ min has at worst terminal singularities and the bimeromorphic transformation subgroup G| X min lifts to G X ′ min ⊆ Bim(X ′ min ) such that a finite index subgroup of G X ′ min has rank 2. With the same proof as in Lemma 2.11, X ′ min is isomorphic to a complex 3-torus by showing that the Albanese map X ′ min → Alb(X ′ min ) is an isomorphism. Thus, G X ′ min ⊆ Bim(X ′ min ) = Aut(X ′ min ).
Step 5. In this step, we shall prove that each g ∈ G| X min is actually an automorphism. Let π : T 1 := X ′ min → X min be the Albanese closure of X min as in Step 4 and then G| X min lifts to G T 1 ⊆ Aut(T 1 ) on T 1 . Let F := Gal(T 1 /X min ). Consider the following commutative diagram, where g ∈ G| X min and lifts to g| T 1 (not unique) on T 1 .
Note that each g| T 1 normalizes F and each automorphism of T 1 is determined by an open dense subset (cf. [22, Lemma 9.11] ). So the composite map π • g| T 1 is F -invariant and thus by the universality of the quotient morphism π over theétale loci, π •g| T 1 factors through π. Thus, g| T 1 descends to a well-defined morphismḡ : X min → X min , which acts biregularly on X min . Since the meromorphic map g is determined by an open dense subset U ⊆ X min and g| U =ḡ| U , we see thatḡ = g is biholomorphic.
Now, each g ∈ G| X min is an automorphism and (X min , G| X min ) satisfies Hyp A. Thanks to [26, Lemma 2.4 and §2.16], X min ∼ = T 1 /F for a finite group F acting freely outside a finite set of a complex 3-torus T 1 . We complete the proof of Theorem 1.1.
